In the Minimal Supersymmetric Standard Model with complex parameters (cMSSM) we calculate higher order corrections to the Higgs boson sector in the Feynman-diagrammatic approach using the on-shell renormalization scheme. The application of this approach to the cMSSM, being complementary to existing approaches, is analyzed in detail. Numerical examples for the leading fermionic corrections, including the leading two-loop effects, are presented. Numerical agreement within 10% with other approaches is found for small and moderate mixing in the scalar top sector. The leading fermionic corrections, supplemented by the full logarithmic one-loop and the leading two-loop contributions are implemented into the public Fortran code FeynHiggsFastC.
Introduction
The search for the lightest Higgs boson is a crucial test of Supersymmetry (SUSY) which can be performed with the present and the next generation of accelerators. The prediction of a relatively light Higgs boson is common to all supersymmetric models whose couplings remain in the perturbative regime up to a very high energy scale [1] . A precise prediction for the mass of the lightest Higgs boson and its couplings to other particles in terms of the relevant SUSY parameters is necessary in order to determine the discovery and exclusion potential of LEP2 and the upgraded Tevatron, and for physics at the LHC and future linear colliders, where eventually a high-precision measurement of the properties of the Higgs boson might be possible [2] .
The case of the Higgs sector in the CP-conserving MSSM has been tackled up to the two-loop level by different methods such as the Effective Potential (EP) method [3] , the renormalization group (RG) improved one-loop EP approach [4] and the Feynmandiagrammatic (FD) method using the on-shell renormalization scheme [5, 6] . The application of different methods lead to thorough comparisons between the different approaches. Most prominently the comparison between the RG improved one-loop EP result and the FD result [7] [8] [9] , and most recently between the FD and the EP result [9, 10] , have been performed. These comparisons, showing agreement where expected, lead to deeper insight into the radiative corrections in the MSSM Higgs sector and thus to the confidence that the higher-order contribution, although being large, are under control.
In the case of the MSSM with complex parameters (cMSSM) the higher order corrections have yet been restricted, after the first more general investigations [11] , to evaluations in the EP approach [12, 13] and to the RG improved one-loop EP method [14, 15] . While in the MSSM without complex parameters the FD calculation, using the on-shell renormalization scheme, has provided the only complete calculation at the one-loop level [16] and furthermore the relevant logarithmic and non-logarithmic corrections at the two-loop level [6, 7] , a corresponding calculation in the cMSSM has been missing so far.
This paper provides the next step into this direction: it is shown in detail how the FD method, employing the on-shell renormalization scheme, can be applied to the Higgs sector of the cMSSM. The general analysis is exemplified at the leading fermionic one-loop corrections, showing the applicability of the method and providing the full corresponding analytical result. For numerical examples and the comparison with existing approaches, the result is supplemented by non-leading corrections at the one-and two-loop level taken over from the real MSSM case. All results are finally incorporated into a public Fortran code. A detailed analysis, including a full one-loop calculation and the dominant two-loop corrections to the cMSSM Higgs sector will be presented elsewhere [17] .
The rest of the paper is organized as follows. In Section 2 we review the Higgs sector and the scalar quark sector of the cMSSM, providing all relevant information about the relations of physical and unphysical parameters, the masses and the mixing angles. The renormalization in the on-shell scheme in the cMSSM Higgs sector is presented in detail in Section 3, together with the analytical result for the leading fermionic corrections obtained in this approach. Section 4 briefly reviews the evaluation of the Higgs boson masses and couplings in the FD approach. Numerical results for the comparison with other approaches are given in Section 5. Section 6 contains the description of the corresponding Fortran code FeynHiggsFastC. The conclusions can be found in Section 7.
2 Calculational basis
The tree-level Higgs sector of the cMSSM
The (c)MSSM Higgs potential reads [18] :
where m are soft SUSY-breaking terms, g, g ′ are the SU(2) and U(1) gauge couplings, and ǫ 12 = −1. The doublet fields H 1 and H 2 are decomposed in the following way:
ξ is a possible new phase between the two Higgs doublets. From the unphysical parameters in eq. (1) the transition to the physical parameters (including the tadpoles) is performed by the following substitution (see also Refs. [6, 11] ):
tan β is the ratio of the two vacuum expectation values, tan β = v 2 /v 1 , and
W , where (as will be shown below) M H ± is the mass of the charged Higgs boson H ± . Contrary to the real case, where the mass of the CP-odd Higgs boson, M A , is used as input parameter, in the cMSSM M H ± is chosen as physical parameter, since the field A ≡ s β χ 1 + c β χ 2 (as will be shown later) mixes with the fields φ 1 and φ 2 . t 1 and t 2 denote the tadpoles of the fields φ 1 and φ 2 , whereas t A is the tadpole of the field A. The expressions for the tadpoles can be obtained directly by expanding the Higgs potential eq. (1) in the fields from the terms linear in φ 1 , φ 2 and A.
In the cMSSM all neutral Higgs bosons can mix. Therefore the following (4 × 4) mass matrix has to be considered [11] :
with
This also affects the matrix M SP . Defining the (4 × 4) matrix
the rotation of M Higgs can be performed:
and
The angle β diagonalizes (up to tadpole contributions) also the matrix M C :
Rotation with α
The angle α is defined as tan 2α = tan 2βM
It diagonalizes (up to tadpole contributions) the matrix M S (s α = sin α , c α = cos α ):
Using the eq. (21) and setting the tadpoles to zero one obtains:
The rotation with α also affects the matrix M β SP . Defining the (4 × 4) matrix
the rotation of M β Higgs can be performed:
Tree-level expressions
At tree-level all tadpoles can be set to zero. In the φ 1 -φ 2 sector this ensures that v 1,2 are the vacuum expectation values. In the χ 1 -χ 2 sector this corresponds to a redefinition of the phase of m 2 12 so that the phase e iξ is absorbed [11] . One arrives at the following masses at tree-level:
The entries for the Goldstone bosons G and G ± are to be understood in the Feynman gauge. At tree-level there is no CP violation in the cMSSM Higgs sector. The fields h and H are decoupled from the fields A and G.
The scalar quark sector in the cMSSM
The mass matrix of two squarks of the same flavor,q L andq R , is given by
where {cot β , tan β} applies for {up, down}-type squarks respectively. In an isodoublet the SU(2) symmetry enforces that MQ has to be chosen equal for both squark types. The MQ′ on the other hand can be chosen independently for every squark type. In the scalar quark sector of the cMSSM N q + 1 phases are present, one for each A q and one for µ, i.e. N q + 1 new parameters appear. As an abbreviation it will be used
As an independent parameter one can trade arg (A q ) ≡ φ Aq for φ q . The squark mass eigenstates are obtained by the rotation
where the matrix with φ q → 0 diagonalizes Mq
. The mass eigenvalues are given by
independent of the phase of X q . The unrotated squark mass matrix can now be expressed in terms of the physical parameters mq 1 , mq 2 and theq mixing angle:
3 Calculation of the renormalized self-energies
Renormalization
The renormalization is performed as follows:
The counterterm for the A tadpole can be understood as the effect of re normalizing the phase ξ of H 2 .
In the following we will concentrate on the contributions that are relevant for the leading m The renormalized H ± self-energy is then given by
the renormalized tadpoles are given bŷ
T x represents the one-loop contribution to t x .
The on-shell renormalization conditions are imposed:
This results in the on-shell renormalization constants
Since the charged Higgs boson is renormalized on-shell, its mass does not receive higherorder corrections.
Renormalized self-energies
With the on-shell renormalization constants derived in Sect. 3.1 the renormalized neutral Higgs boson self-energies read: For sake of simplicity we now switch back to the φ 1 -φ 2 basis (i.e. α = 0), where the results have a much simpler form. The corresponding results in the h-H basis can be obtained by the rotation
The m 4 t corrections have been obtained using the program FeynArts 3 [19] , employing the recently completed MSSM model file [20] 1 . Details about the calculations with FeynArts can be found in Ref. [21] . In the approximation of the leading m
1 Only the non-SM counterterms had to be added.
As expected,Σ hG (0) =Σ HG (0) =Σ AG (0) =Σ GG (0) = 0, i.e. the Goldstone boson G decouples [11] . In order to show the finiteness ofΣ st , st = φ 1 φ 1 , φ 2 φ 2 , φ 1 φ 2 , AA, φ 1 A, φ 2 A it was necessary to employ the SU(2) symmetry in the scalar quark sector, see Sect. 2.5. In the simplified case of the leading m A main difference compared to the RG improved EP approach as presented in Ref. [14] is the validity of the result as a function of thet sector parameters. Since the FD result is obtained directly in terms of the physical parameters in the squark sector, the results of the FD approach are valid for arbitrary mixing in thet sector, whereas the RG method is restricted to (m
Corrections beyond one-loop order
Since it is known in the case of vanishing complex phases that the two-loop corrections to the neutral Higgs boson masses can be large, for the further numerical examples and comparisons as presented in Sect. 5, the leading contributions at O(G F α s m are taken into account. For sake of simplicity, up to now the two-loop corrections are taken over from the CP-conserving case. The leading corrections then only affectΣ φ 2 φ 2 (0) and are valid for arbitrary Higgs sector parameters. They are given by [4, 22, 23] 
M S has to be chosen according to
:
and m t denotes the running top quark mass, m t = m t (m t ). Mt L , Mt R correspond to MQ, MQ′ in eq. (33) respectively. Contrary to the presented one-loop result forΣ φ 2 φ 2 , eq. (69) is valid only for not too large mass splitting between the twot mass eigenstates, but still gives a rather good approximation for a large part of the MSSM parameter space [22] . The full result in Ref. [17] , however, will be obtained in terms of the physical parameters and thus be valid for arbitrary mixing in thet sector. Also eq. (70) is valid for not too large mass splitting in thet sector [4, 23] . However, since the numerical effect of the correction in eq. (70) is at the ∼ 2 GeV level [6] , this additional uncertainty is neglected. Furthermore, eq. (70) has been obtained in the MS scheme, while all other corrections in this paper are evaluated in the on-shell scheme. The corresponding uncertainty is only of O(α 2 α s ) and expected to be below ∼ 1 GeV and therefore neglected.
The neutral MSSM Higgs sector 4.1 The Higgs boson masses
In this section, for sake of completeness, we review the derivation of the Higgs boson masses from the calculated higher-order Higgs boson self-energies. Since in the approximation used in Sect. 3.3 the external momentum has been set to zero, this step of the evaluation is equal to the EP approach [12] [13] [14] . In the full FD calculation [17] the momentum dependence, however, is included, which can lead to corrections of 1 − 2 GeV.
Since the Goldstone boson G decouples, see Sect. 3.3, the fields φ 1 , φ 2 and A form a closed subspace that can be evaluated on its own. The masses at higher order can be obtained from the diagonalization of the matrix
The diagonalization is performed with the help of the (3 × 3) orthogonal matrix D 3 :
The numerical evaluation of M D CP and D 3 has been presented e.g. in Ref. [14] and is also listed here for completeness. The eigenvalues of M CP are given by
with p = 3s − r 2 3 , q = 2r
Finally the decay width of the H i to SM fermions can be obtained from the decay width of the SM Higgs boson by multiplying it with
for up-and down-type quarks respectively.
The special case of vanishing phases
In the CP conserving case, e.g. for the leading m 
where the square of the CP-odd Higgs boson mass is given by M 
The mass ordering in eq. (74) can thus imply that in the limit of vanishing phases H 2 is the CP-odd Higgs boson.
Numerical examples and comparison with other approaches
The results obtained in Sect. 3.3, eqs. (56) - (67), have been compared analytically with the corresponding results presented in Ref. [13] (eqs. (11) - (18c)). Ref. [13] calculates the leading corrections to the Higgs boson mass matrix in the EP approach. In the approximation of zero external momentum as applied in Sect. 3.3, the leading m is found, if the correction to M H aa ,the A boson propagator in eq. (11) of Ref. [13] is identified with our renormalized A boson self-energy,Σ AA , given in eq. (59).Σ AA exhibits an additional term compared to the correction to M H aa , arising from the fact that in Ref. [13] the charged Higgs boson sector has been neglected, while in our approach M H ± is chosen as an input parameter, thus introducing Σ H ± into the result. Therefore, this difference only reflects the fact of a different choice of input parameters. A similar observation has already been made in Ref. [13] , while comparing with Ref. [14] (where also analytical agreement in the appropriate limits has been found.)
In the following subsections some numerical examples are presented and compared to results obtained in the RG improved EP calculation. The examples are based on the results given in Sects. 3.3, 3.4. They are meant to illustrate the possible effects of complex phases in the MSSM. For a phenomenological analysis, however constraints on CP-violating parameters from experimental bounds on electric dipole moments (EDMs) have to be taken into account, see Sect. 6. On the other hand, the bounds from EDMs can easily be evaded by making the first two generations sufficiently heavy [24] . A more detailed phenomenological analysis of the FD results, including the full one-loop and leading two-loop corrections in the cMSSM to the Higgs boson self-energies, and taking into account all existing experimental constraints can be found in Ref. [17] .
Higgs boson masses
In Fig. 3 the two lightest Higgs boson masses, m H 1 and m H 2 , are shown as a function of the phase of the trilinear coupling in thet sector, ϕ At . The soft SUSY-breaking parameters are chosen to emphasize the effect of the CP-violating phases, M SU SY = 500 GeV, |A t | = 1000 GeV and |µ| = 2000 GeV. The phase of µ is chosen to be zero, except for the lower right plot, where it is set to ϕ µ = π/2. The phases in the b and τ sector are set to zero. The different plots show the variation with tan β, tan β = 2, 5, 20. In the CPconserving case for the above chosen soft SUSY-breaking parameters, tan β = 2 is already excluded by Higgs boson searches [25] . However, in the CP-violating case this limit is weakened [15] due to possible suppressed production cross section and/or suppressed decays of the lightest Higgs boson to b quarks, see Sect. 5.2. In each plot different values for the charged Higgs boson masses have been chosen, M H ± = 150, 200, 300, 500 GeV. The largest effects of the phases are observed for small tan β and small M H ± . For large M H ± the effects of the CP-violating phases become negligible small.
A numerical comparison with e.g. Fig. 3 in Ref. [14] shows agreement better than 10% for not too large phases, φ At < ∼ 0.8. A larger phase corresponds to larger mixing in thet sector. This, on the one hand, makes the corrections and thus the uncertainties in the Higgs sector larger. On the other hand, the RG improved EP calculations tends to loose accuracy for too large mixing in thet sector. The agreement improves slightly if a comparison with the more complete result of Ref. [15] (see e.g. Fig. 1 ) is performed. Furthermore, it has been shown in Ref. [7] that differences in the Higgs boson masses arising from different renormalizations can be significant, especially for larget mixing.
Therefore agreement better than 5-10% cannot yet be expected for all parameter sets due to the different renormalizations employed and the yet more complete evaluation performed in the RG improved EP calculation.
In Fig. 4 the mass difference of the two heavier Higgs bosons, m H 3 − m H 2 , is shown as a function of ϕ At . The other parameters are chosen as in Fig. 3 . A large enhancement of the mass difference can be observed for small tan β. The agreement with Refs. [14, 15 ] is found at the same level as for Fig. 3 .
Higgs boson couplings
In Fig. 5 the coupling of the lightest Higgs boson to two SM gauge bosons, relative to its SM value, is shown as a function ϕ At . The other parameters are chosen as in Fig. 3 . Large suppressions occur for small values of M H ± . For M H ± > ∼ 250 GeV no suppression could be observed. For small tan β the suppression can amount several orders of magnitude, whereas for large tan β a suppression by a factor of 10 can be observed. These results can be compared with the RG improved EP approach, Refs. [14] Fig. 5 and Ref. [15] Fig. 1 . As for the Higgs boson masses, we find reasonable agreement for not too large values of φ At .
In Fig. 6 the decay rate of the lightest Higgs boson to b quarks, Γ(H 1 → bb), relative to its SM value, is shown as a function ϕ At . The other parameters are chosen as in Fig. 3 . The MSSM decay rate, although dependent on the complex phases, is considerably larger than the SM one for most parts of the parameter space. This renders the bb channel the main decay channel also in the cMSSM.
The Fortran code FeynHiggsFastC
The results presented Sect. 3.3 and Sect. 3.4 are incorporated into the Fortran code FeynHiggsFastC. They are supplemented by the subleading one-loop corrections from the t/t sector [22] as well as by the full logarithmic one-loop corrections from all other sectors of the MSSM, obtained in the RG approximation [4] .
In the front-end of the code, the user can specify the input parameters, including all relevant complex phases. This part can be manipulated at the user's will. The main part of the code consists of the routines needed for the evaluation of the higher-order corrections to the neutral Higgs boson mass matrix, and should not be manipulated. FeynHiggsFastC evaluates the following items in the cMSSM Higgs sector:
• the three neutral Higgs boson masses In the first three plots ϕ µ is set to zero and tan β is chosen as 2, 5, 20. In the last plot ϕ µ = π/2 and tan β = 20 is taken. The other parameters are M SU SY = 500 GeV, |A t | = 1000 GeV and |µ| = 2000 GeV.
• the SUSY corrections to the ρ-parameter, coming from thet/b sector. (The complex phases enter only via their effective change of thet andb masses, where they can enlarge the splitting and increase the contribution to ∆ρ.) The SUSY corrections are implemented in O(α) and O(αα s ), where the gluino-exchange corrections, which go to zero for large mg have been omitted [26] . A value of ∆ρ outside the experimentally preferred region of ∆ρ SUSY < ∼ 3 × 10 −3 [27] indicates experimentally disfavoredt and b masses.
• the EDM of the electron and the neutron, following the calculation of Ref. [28] 2 with the convention of common soft SUSY-breaking parameters for up-and downtype squarks. Values outside the experimentally allowed ranges indicate either too large CP-violating phases or demand heavier squarks in the first two families [24] .
The code can be obtained from the FeynHiggs [29] home page: www.feynhiggs.de .
Conclusions
We have presented the application of the Feynman-diagrammatic method and the on-shell renormalization scheme to radiative corrections in the Higgs sector of the MSSM with complex phases. This provides a complementary method to the (renormalization group improved) Effective Potential approach that has been used so far for phenomenological analyses. The presented set-up can then be used for a detailed study of the cMSSM Higgs sector in the FD/on-shell approach.
The general FD/on-shell method has been analyzed. Details about the renormalization in the on-shell scheme and the derivation of the renormalized Higgs boson self-energies have been presented. As an example the leading fermionic corrections to the cMSSM Higgs sector have been calculated analytically, making use of the recently completed MSSM model file for FeynArts 3. After showing the generic applicability of the approach, some numerical examples have been calculated. The leading fermionic corrections have been supplemented by the leading two-loop corrections. Results have been obtained for the masses of the neutral cMSSM Higgs bosons, their couplings to SM gauge bosons and their couplings to SM fermions. Reasonable agreement better than 10% with the RG improved EP method has been found for not too large mixing in the scalar top sector.
Finally the public Fortran code FeynHiggsFastC has been presented. It provides the evaluation of the masses and couplings of the cMSSM Higgs bosons in dependence of the relevant cMSSM parameters, including all possible complex phases. Besides the leading fermionic one-loop and the leading two-loop corrections, also the full logarithmic oneloop contributions, taken over from the real MSSM, have been implemented. The code is obtainable at www.feynhiggs.de .
